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THE EFFECT OF WAVE BREMING Ok? THE BXR33CTIONWL. 
SPECTRW OF WAVES I N  WTER OF VARIABLE DEPTH 

I N  THE PRESENCE OF CURRENT 

PART I: INTRODUCTION 

1. Waves undergo changes a s  t hey  propagate  from deep t o  shal low water  and/or  
a s  t h e y  m e e t  an adverse  c u r r e n t .  The f a c t o r s  t h a t  a f f e c t  t h e s e  changes 
i n c l u d e  inpu t  from l o c a l  wind, non- l inear  wave-wave i n t e r a c t i o n s  and wave 
breaking .  I n  t h i s  s tudy ,  on ly  t h e  e f f e c t  of t h e  l a s t  f a c t o r  i s  
cons idered .  

2 .  There e x i s t s  a  number of methods t o  compute changes of wave c h a r a c t e r -  
i s t i c s  under t h e  c o n d i t i o n s  desc r ibed  above. One a n a l y t i c a l  method is  t o  
u se  energy ba lance  equa t ion  ( P h i l l i p s ,  1980, Huang e t  a l ,  1972) bu t  t h e  
method does no t  t a k e  i n t o  account t h e  e f f e c t  of wave breaking .  

3. In  a  previous s tudy  (Tung and Huang, 1987), a  method i s  developed t o  
s tudy t h e  e f f e c t  of wave breaking on spectrum of random waves. The waves 
a r e  assumed t o  be long-crested,  t r a v e l l i n g  normally toward a s t r a i g h t  
shore l ine  over g e n t l y  varying bottom with s t r a i g h t  contours  p a r a l l e l  t o  
t h e  shore l ine ,  where they encounter a  hor izonta l  cu r ren t ,  s t e a d y  i n  t i m e  
and non-unifonn i n  t h e  hor izon ta l  space, where flow v e l o c i t y  is  p a r a l l e l  
t o  t h e  d i r e c t i o n  of t h e  waves and is  uniformly d i s t r i b u t e d  i n  depth.  

4 .  The method c o n s i s t s  e s s e n t i a l l y  of f i r s t  assuming t h a t  t h e r e  e x i s t s  an 
i d e a l  o r i g i n a l  wave t r a i n  a t  t h e  localeunder cons idera t ion  whose spectrum 
i s  obtained us ing energy balance equation without cons ider ing  wave 
breaking.  By imposing t h e  Miche wave breaking c r i t e r i o n  ( B a t t j e s ,  1974), 
an expression f o r  t h e  e l eva t ion  of breaking waves i s  e s t a b l i s h e d  i n  t e r m  
of t h e  e l e v a t i o n  of t h e  i d e a l  o r i g i n a l  waves and i ts  second time 
d e r i v a t i v e  which a r e  assumed t o  be j o i n t l y  Gaussian. Based on t h i s  
breaking wave model, a  simple but  approximate expression f o r  t h e  spectrum 
of breaking waves i s  der ived i n  terms of t h a t  of t h e  i d e a l  o r i g i n a l  
waves. 

5 .  The purpose of t h i s  s tudy i s  t o  extend t h e  above method t o  t h e  case i n  
which t h e  random waves a r e  t r e a t e d  a s  shor t -cres ted  whose spectrum has a 
d i r e c t i o n a l  spread.  The shore l ine  i s  assumed t o  be s t r a i g h t  and the  
bottom is g e n t l y  varying with s t r a i g h t  contours which a r e  p a r a l l e l  t o  the  
shore l ine  a s  i n  t h e  previous study.  Two types of s teady,  non-uniform 
hor izon ta l  c u r r e n t s  a r e  considered. The f i r s t  type is t h e  shea r  current  
whose v e l o c i t y  i s  p a r a l l e l  t o  t h e  shore l ine  (see  Figure 2 ) .  The second 
type is t h e  upwelling type i n  which t h e  cu r ren t  v e l o c i t y  i s  normal t o  t h e  
shore l ine .  I n  each case, t h e  current  v e l o c i t y  i s  independent of t h e  
alongshore coordinate  a s  w e l l  a s  t h e  v e r t i c a l  coordinate .  

6 .  PART IH desc r ibes  b r i e f l y  t h e  breaking wave model and g ives  t h e  
expres~sion of t h e  breaking wave spectrum which a r e  r e s p e c t i v e l y  
e s t a b l i s h e d  and de r ived  i n  an e a r l i e r  r epor t  (Tung and Huang, 1987). 
PART PPI d e a l s  with t h e  mechanics of wave-current i n t e r a c t i o n  f o r  both 
t h e  shear  c u r r e n t  and cur ren t  of t h e  upwelling type  without cons ider ing  
wave breaking. In  PART IV, numerical r e s u l t s  a r e  obtained and presented  
i n  g raph ica l  form. Scma concluding remark8 a r e  given i n  PART V. 



PART 11. BREAKING WAVE MODEL AND SPECTRUM 

7 .  W e  a s a m  t h a t  waves break whenever t h e  l o c a l  v e r t i c a l  downward 
a c c e l e r a t i o n  of t h e  i d e a l  waves reaches a f r a c t i o n  of t h e  g r a v i t a t i o n a l  
a c c e l e r a t i o n  g* t ~ h i l l i p s ,  1980). When t h i s  happens, a por t ion  of t h e  
mass is  detached from t h e  surface ,  t h e  su r face  e l e v a t i o n  is reduced, and 
t h e  l a r g e r  t h e  v e r t i c a l  downward acce le ra t ion ,  t h e  l a r g e r  t h e  reduct ion .  

8 .  ~ e f e r r i n g  t o  Figure 1, l e t  ( t)  and c b ( t )  represent ,  respect ive ly ,  t h e  
e l e v a t i o n s  of t h e  i d e a l  waves and t h e  breaking waves a t  a f i x e d  point  i n  
space where t i s  the. A t  p o i n t s  such a s  A, where C ( t ) > O  and when 

t ( t ) < - ~ g  (see Equation 4 f o r  K), wave breaking occurs and t h e  breaking 
wave e l e v a t i o n  i s  given by 

Here, and he rea f t e r ,  overdot denotes d i f f e r e n t i a t i o n  with respect  t o  
time. 

9 .  A t  poin t  B, where 5 ( t )  <O and when (t 1 <-Kg, t h e  breaking wave e l e v a t i o n  
i s  given by 

1 0 .  Based on t h e  above considera t ions  and not ing  t h a t  no wave breaking t a k e s  
p lace  when t (t) >-Kg, i n  which case  S (t) remains unchanged, 5 ( t )  may be 
w r i t t e n  a s  

where M(*) i s  t h e  Heaviside u n i t  s t e p  funct ion  and, f o r  b rev i ty ,  t h e  
argument t i n  c,b(t),  5 (t) and < ( t )  is omitted.  

11. For l i n e a r  waves, t h e  q u a n t i t y  K i s  shown i n  t h e  e a r l i e r  s t udy  (Tung and 
Huang, 1987) t o  be  g iven  by 

where d i s  l o c a l  water depth, 

- 
k = ~ 2 1 ~  

0 
( 5 )  

*For convenience, symbols and abbrev ia t ions  a r e  l i s t e d  i n  t h e  nota t ion  
(Appendix A ) .  



is  c h a r a c t e r i s t i c  wave n  

i s  c h a r a c t e r i s t i c  f requency and S B W )  is t h e  energy  spectrum of  t h e  i d e a l  
random waves i n  frequency, w, space,  i n  deep  water .  

12. I n  Equat ion 3, t h e  breaking  wave e l e v a t i o n  Gb i s  a n o n l i n e a r  f u n c t i o n  of 
and I ,  t h e  e l e v a t i o n  and i t s  second d e r i v a t i v e  of  t h e  o r i g i n a l  i d e a l  

waves which a r e  assumed t o  t h e  s t a t i o n a r y  and j o i n t l y  Gaussian w i th  ze ro  
mean va lues .  The de te rmina t ion  of t h e  spectrum of G b  may t h e r e f o r e  be  
ach ieved  i n  a  s t r a i g h t  forward manner (Papou l i s ,  1965) .  

13 .  The spectrum of C b  i s  obta ined  by f i r s t  forming i t s  a u t o c o r r e l a t i o n  
f u n c t i o n  Rb (-r) from Equation 3 (where T  i s  time l a g ) .  I n  do ing  so ,  w e  
have neg lec t ed  t h e  second tern i n  Equat ion  3 based  on t h e  c o n s i d e r a t i o n  
t h a t  t h e  p r o b a b i l i t y  of occurrence of n e g a t i v e  peaks such a s  p o i n t  B i n  
F igu re  1 i s  u s u a l l y  small ,  e s p e c i a l l y  when t h e  spectrum sf t h e  waves 
under  c o n s i d e r a t i o n  i s  reasonably  narrow. I n  t h i s  way, t h e  d e r i v a t i o n  
is  much shor tened ,  and our  computation shows t h a t  t h e  e r r o r  i n c u r r e d  by 
igno r ing  t h e  second term i n  Equation 3 i s  indeed  impercep t ib ly  s m a l l .  

1 4 .  The r e s u l t i n g  a u t o c o r r e l a t i o n  f u n c t i o n  Rb (T) i s  a  n o n l i n e a r  f u n c t i o n  of 
t h e  c o r r e l a t i o n  f u n c t i o n s  E [515 I ,  E [ C ~ X ~ I  and E [4' lc 2l where E -1 

?I deno te s  t h e  expec t ed  va lue  of t e q u a n t i t y  enc losed  i n  t h e  b r a c k e t s  and 
t h e  s h s c r i p t s  1 and 2 r e f e r  t o  q u a n t i t i e s  e v a l u a t e d  a t  time i n s t a n t s  
t l  = t + T  and t 2 =  t .  The a u t o c o r r e l a t i o n  Rb ( T ) ,  viewed a s  a  f u n c t i o n  of 
t h e s e  c o r r e l a t i o n  func t ions ,  may be expanded by Tay lo r ' s  series 
(Borgman, 1965) .  By r e t a i n i n g  only  t h e  z e r o t h  and t h e  f i r s t  o r d e r  terms 
of t h e  series and t a k i n g  t h e  Four i e r  t r ans fo rm of t h e  r e s u l t i n g  
approximate au tocovar iance  func t ion  , t h e  approximate spectrum of 
breaking  waves i s  ob ta ined  a s  

i n  which 

i s  a f o u r t h  o r d e r  p s l y n o d a l  f u n c t i o n  of  wand may be looked upon a s  a 
f i l t e r  f u n c t i o n  which accounts  f o r  t h e  e f f e c t  of wave b reak ing  on t h e  
Jpctrm of t h e  ideal waves. 

15. The fo l lowing  f u n c t i o n s  and parameters  t h a t  appear  i n  Equat ion 8 are 



defined i n  t h e  fo l lowing .  

and  

a r e  p r o b a b i l i t y  f u n c t i o n s  (Abramowitz and Stegun,1960) .  

and  

r ( 4 )  = 1w4s (w)dw ( 1 3 )  

a r e  r e s p e c t i v e l y  expected va lues  E [ 521, E [c f l  and E t2 I , 

i s  a  measure of t h e  e x t e n t  o f  wave breaking  which has  been shown t o  be 
r a t h e r  l a r g e r  t han  u n i t y  (Tung and Huang, 1987) and 

which l ies  between zero  and u n i t y  i s  known a s  t h e  bandwidth parameter of 
S (r?) (Cartwright  and Longuet-Higgins, 1 9 5 6 )  . 

1 6 .  I n  Equat ion 8, 

and 7 

BQ(B/E) 

A 2 
- BZ - $Z(B) Q ( -  

€ 
+ BZ(B) 

~ T i q i = F q  
where 

a0 

- s - J m Q(- 
8 r, 

Jl-E2 € r,) dr, 



PART 1x1: WAVE-#RRENT-H)OT'H"of3 ffPfERACTIBNS 

I n  reference  t o  Figure 2, cons ider  a  s t r a i g h t  s h o r e l i n e  and assume t h a t  
t h e  Bottom is g e n t l y  varying with contours p a r a l l e l  t o  t h e  shore .  A 
random shor t -c res ted  wave system approaches t h e  shore  from deep water 
and e n t e r s  a  region of cu r ren t .  Two types  of h o r i z o n t a l  c u r r e n t  a r e  
considered.  The f i r s t  type  i s  th@ shear  c u r r e n t  i n  which case  t h e  
h o r i z o n t a l  c u r r e n t  v e l o c i t y  V(x)  i s  p a r a l l e l  t o  t h e  shore  and 
independent of t h e  y-coordinate. The second type  of c u r r e n t ,  r e f e r r e d  
t o  as t h e  upwelling case,  has i t s  v e l o c i t y  U ( x )  i n  t h e  x -d i rec t ion  and 
is  a l s o  assumed t o  be independent of t h e  y-coordinate. I n  each case,  
t h e  c u r r e n t  i s  s teady i n  time, slowly varying i n  t h e  h o r i z o n t a l  space 
and independent of t h e  v e r t i c a l  coordinate .  

18. The wave system i s  viewed a s  a  congregate of wave components with 
d i s t i n c t  frequencyw and angle  of approach 0.  For each wave component, 
t h e  apparent  frequencyw, i n  a  s t a t i o n a r y  frame of reference ,  i s  
i n v a r i a n t  and r e l a t e d  t o  t h e  i n t r i n s i c  frequency, o r ,  i n  t h e  frame of 
r e fe rence  moving with t h e  cu r ren t  a s  

where U i s  hor izon ta l  cu r ren t  v e l o c i t y  vector ,  _k is  wave number vector  
and 5H 

d(x)  being t h e  slowly varying l o c a l  water depth,  assumed t o  be 
independent of t h e  y - coordinate and k i s  t h e  magnitude of 5. From 
i r r o t a t i o n a l i t y  of wave number vector ,  we have 

k s i n  0 = kWsinOw ( 2 2 )  

where t h e  subsc r ip t  ( a )  r e f e r s  t o  q u a n t i t i e s  evaluated  i n  quiescent  
deep water f r e e  of cu r ren t .  

1 9 .  Ignoring wave breaking and using t h e  energy balance equat ion  o r  from 
conservat ion  of wave a c t i o n  considera t ion ,  it was found (Tayfun,et a l .  
1976)  t h a t  t h e  wave frequency spectrum S(W,O) a t  t h e  l o c a l e  under 
cons ide ra t ion  i s  given by, ,  

k 
24. - 

k (cG)A1- 
S(w,Q) = Sw(o,Ow) (23)  

kw(C + CT .k/k) 
gr -H - 

where 



is t h e  magnitude of  g roup  v e l o c i t y  of  deep water  waves and 

is  t h e  magnitude o f  group v e l o c i t y  o f  waves i n  r e l a t i v e  frame of 
r e f e r e n c e  and 

1 2kd 
n = -(I+ 2 sinh (2kd)) 

f o r  b r e v i t y .  

Thus, f o r  shea r ing  c u r r e n t ,  UH = ( O,V(x) ) ,  

w = w + Vk s i n  O 
r 

and 

For  t h e  upwell ing ca se ,  UH = (U (XI, 0) , 

and 

2 1 .  To compute t h e  spectrum a t  a  s p e c i f i e d  l o c a l e  wi th  g iven  v a l u e s  of water  
dep th  d and c u r r e n t  v e l o c i t y  UH, and f o r  a  s p e c i f i c  wave component of 
r e l a t i v e  frequency wr and a n g l e  0, t h e  corresponding v a l u e s  of wave 
number k and a b s o l u t e  f requency w a r e  found from Equat ions 21 and 20 ( o r  
Equat ions 27, 29) r e s p e c t i v e l y  from which t h e  wave number k w = W  2/g and 
a n g l e &  (from ~ q l u a t i o n  22) i n  deep water  a r e  ob t a ined .  F i n a l l y ,  S(w,O) 
i s  computed from Equat ion 23  ( o r  Equat ions 28, 3 0 ) .  

2 2 .  The wave components a r e  a l l  s u b j e c t  t o  t h e  breaking  l i m i t  (Tayfun e t  
a l . ,  1976) 

k. 

and t h e  kinematic  l i m i t  



Those wave component8 which v i o l a t e  Equation 32 a r e  r e f l e c t e d  and t h e  
i n c i d e n t  wave f i e l d  is  acco rd ing ly  modif ied.  Such mod i f i ca t i on ,  
however, i s  not  c a r r i e d  ou t  i n  t h i s  s tudy .  Those wave components which 
v i o l a t e  Equation 31 a r e  c u t  o f f  and deleted beyond t h e  p o i n t  under  
cons ide ra t i on .  There a l s o  may occur ,  a s  i s  t h e  c a s e  i n  subsequent  
numerical  r e s u l t s ,  t h a t  f o r  s p e c i f i e d  b, d, UH and 0, t h e  energy  i n  
deep  water,  %(w, Ood , is  ve ry  small o r  non-ex is ten t .  I n  that c a s e  
S ( q  O) is  set e q u a l  t o  zero .  

23. To account f o r  t h e  e f f e c t  of wave breaking,  t h e  spectrum S(w,O), viewed 
a s  a frequency spectrum f o r  s p e c i f i e d  va lue  of 0, i s  f i r s t  t ransformed 
i n t o  t h e  frame of r e f e r e n c e  moving wi th  c u r r e n t .  That is  

where dw/dwr is  o b t a i n e d  from Equat ion 20 ( o r  Equat ions 27, 29)  . 3 h,,O) 
i s  then  used i n  p l a c e  of S ( o )  i n  Equation 7 from which t h e  b r e a k i n g  wave 
spectrum i n  r e l a t i v e  frame of r e f e r e n c e  Sb(wr,O)is de te rmined .  Spectrum 
of  breaking  waves, Sb(w,O), i n  s t a t i o n a r y  frame of reference,  i s  t h e n  
c a l c u l a t e d  by t r ans fo rma t ion .  That is ,  

24. Although t h e  s p e c t r a  of t h e  breaking  waves, i n  r e l a t i v e  and a b s o l u t e  
frames of r e f e r e n c e s  s o  ob t a ined  a s  o u t l i n e d  above a r e ,  w i t h i n  t h e  
con f ines  of t h e  assumptions made, s t r i c t l y  c o r r e c t ,  improvements of t h e  
r e s u l t s  a r e  n e v e r t h e l e s s  p o s s i b l e  by c a r r y i n g  out  t h e  computat ions 
i t e r a t i v e l y .  That is, upon o b t a i n i n g  t h e  breaking  wave spectrum S b h r , c )  
i n  t h e  r e l a t i v e  frame of r e f e r ences ,  it may be used a s  t h e  i d e a l  
o r i g i n a l  wave spectrum S(w) i n  Equation 7 from which a r e v i s e d  spectrum 
Sb(wr, 0) r e s u l t s .  This  process  may be repea ted  u n t i l ,  s a y ,  t h e  peak 
va lue  of Sdor,O) converges t o  w i th in  a p re sc r ibed  limit of t o l e r a n c e .  
The breaking wave spectrum Sb(w,O) i n  t h e  s t a t i o n a r y  frame of r e f e r ence  
is  then  computed accord ing  t o  Equation 34. In  t h i s  s t udy ,  t h e  t o l e r a n c e  
limit i s  set a t  0.001 m 2 / s  f o r  a l l  c a s e s  cons idered .  The maximum number 
of c y c l e s  of i t e r a t i o n  necessary  t o  s a t i s f y  t h i s  t o l e r a n c e  limit i s  
e i g h t .  

25 .  The i t e r a t i o n  p roces s  d e s c r i b e d  above, a l though i n t u i t i v e l y  appea l ing  
and p r e s e n t s  no problem i n  computation, i s  not  without d i f f i c u l t y  i n  
t h e o r e t i c a l  terms s i n c e  Equation 7 i s  de r ived  based on t h e  assumption 
t h a t  t h e  i d e a l  waves a r e  a ze ro  mean Gaussian p roces s .  However, i n  t h e  
e a r l i e r  s tudy  (Tung and Huang, 1987) ,  it was found t h a t  t h e  mean va lue  
of Q, i s  r a t h e r  s m a l l  and i n  ano the r  s tudy  (Tung et a l . ,  1988) t h e  
d e v i a t i o n  of t h e  p r o b a b i l i t y  f u n c t i o n  of < b  from Gaussian i s  a l s o  
minimal s o  t h a t  t h e  i t e r a t i v e  scheme adopted i n  t h i s  s t u d y  must b@ 
cons ide red  accep tab l e .  



PART XV: NUWERICAL RESULTS 

2 6 .  In order to obtain numerical results, the directional wave spectrum in 
deep water must be specified. In this study, it is assumed that the 
directional wave spectrum takes the form 

where 

is the directional energy spreading function. For S , ( W ) ,  there are a 
great number of frequency spectra (The JONSWAP Spectrum, for example) 
one can choose from. In this study, we use the wallops spectrum (Huang 
et al, 1981) which takes the form 

27. The quantity m gives the magnitude of the slope of the frequency 
spectrum (on log-log scale) in high frequency range and is 

where 

X 
0 

is the significant slope of the wave, P2n/E being the 
characteristic wave length (see ~ ~ u a t i o 8  5). +he quantity a is given by 

where r ( 0 )  is the gamma function (Abramowitz and Stegun, 1968). 

28. The Wallops spectrum is thus seen to depend on two parameters, the 
significant slope , which defines m and hence a, and wo, which is the 
frequency corresponding to the peak of the Wallops spectrum. In what 
follows all numerical results are obtained for values of § =  0.015 and wq 
= 0 - 6  rad./s. 

29.  The directional spectrum S a o ( q O , )  in deep water as given by Equation 34 
is shown graphically in two ways. In Figure 3,Sa (w,OoD) are given for 
various values of Om as function of w.  Since S (w,O ) is symmetrical 
about 0, - 0, the spectra are shown only for 0 < 0, ?$ . In Figure 4. 
the contour lines of So,( W,O,) are drawn. The ordinates of the contour 
lines are marked as shown. 
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30. Hn t h e  fo l lowing ,  w e  f i r s t  c o n s i d e r  t h e  c a s e  i n  which deep  water  wave 
system wi th  SOD(u,80D) shown i n  F i g u r e s  3 and 4 meets a s h e a r  c u r r e n t  of V 
= 2 m/s:in deep  water .  Q u a l i t a t i v e  Behavior o f  wave components on a 
p o s i t i v e  s h e a r  c u r r e n t  i n  deep water  is  shown i n  F i g u r e  5a and 5b. The 
i d e a l  wave s p c t  S (w, 8) and t h e  breaking  wave spectrum Sb (w ,e) a r e  
g iven  i n  a b s o l u t e  frame of r e f e r e n c e  f o r  discrete v a l u e s  of i n  F igu re s  
6 t o  1 4 .  The contour  l i n e s  of  Sb(w,@) i n  t h i s  c a s e  a r e  shown i n  F igure  
15. From F i g u r e s  6 t o  14 ,  it is seen  t h a t  most o f  t h e  wave energy is  
concen t r a t ed  n e a r  sma l l  va lues  of 0 and no wave b reak ing  occu r s .  For 
waves with 0 = -40°, and -300, t h e  s p e c t r a  t e d n a t e  a t  f r equenc i e s  
1.205 and 2.208 r a d / s  r e s p e c t i v e l y .  Waves of f r e q u e n c i e s  beyond t h e s e  
cu t -of f  f r equenc i e s  o r i g i n a t e  from reg ions  of  ( U  -0 1 space  where no 

83 wave energy e x i s t s  (see Figure  5 b ) .  Waves w i th  0<0 a r e  s u b j e c t  t o  
limits set by wave breaking  bu t  t h e  b reak ing  limits a r e  much l a r g e r  t han  
t h e  cu t -of f  f r equenc i e s  shown above. Likewise,  waves w i th  @ooare 
s u b j e c t  t o  k inemat ic  limits and may be r e f l e c t e d .  However, t h e s e  
kinematic  limits a r e  w e l l  beyond f r e q u e n c i e s  where energy  of  component 
waves of any s i g n i f i c a n c e  e x i s t s .  

W e  nex t  cons ide r  t h e  ca se  i n  which deep water  waves of s p e c t r a  shown i n  
F igu re s  3 and 4 encounter  a n  adve r se  c u r r e n t  of t h e  upwel l ing  t y p e  wi th  
U --2m/s whi le  i n  deep water .  Q u a l i t a t i v e  behavior  of waves on adverse  
c u r r e n t  i n  deep  water  i s  ske tched  i n  F i g u r e  16.  The i d e a l  wave spectrum 
S (w,O)  and t h e  breaking  wave spectrum Sb(u, 0) i n  a b s o l u t e  frame of 
r e f e r ence  a r e  g iven  i n  F igu re s  17 t o  21, f o r  v a r i o u s  v a l u e s  of  8. The 
contour  l i n e s  of S b ( u O )  a r e  g iven  i n  F igu re  22. Because of  symmetry, 
on ly  s p e c t r a  and contour  l i n e s  f o r  0>0° a r e  shown. A s  may be  expected,  
wave energy i s  h ighes t  a t  O= O O .  For waves wi th  O= O 0  and l o 0 ,  wave 
breaking  limits t h e  f r equenc i e s  a t  a= 1.225 and 1.244 r a d / s  
r e s p e c t i v e l y  where wave energy grows i n d e f i n i t e l y .  I n  r e a l i t y ,  waves 
break long b e f o r e  t h e s e  limits a r e  reached.  For waves w i t h .  0 -  20°, 
30°, and 40°, waves beyond u =  1.262, 1.16, and 1.00 r e s p e c t i v e l y  do not  
e x i s t  s i n c e  t h e s e  o r i g i n a t e  from reg ions  of (wO,) space  where t h e r e  i s  
no wave (see Figure  1 6 ) .  For @=00, l o 0  and 20°, wave b reak ing  reduces 
t h e  i d e a l  wave spectrum S ( q Q ,  bu t  beyond 0- 30°, no wave breaking  i s  
seen t o  occur .  Other  t han  f o r  t h e  c a s e s  of  0 = O0 and l o 0 ,  t h e  limits 
set by wave breaking  a r e  beyond t h o s e  cu t -of f  f r equenc i e s  shown i n  t h e s e  
F igu re s .  From Figure  22, it i s  seen  t h a t  t h e  spectrum Sb (w,  0) i s  double 
peaked. 

3 2 .  When deep water  waves with spectrum g iven  i n  F igu re s  3 and 4 p ropaga te  
toward t h e  sho re  i n  s t i l l  water  without  c u r r e n t  over  a g e n t l y  vary ing  
sea  bed wi th  s t r a i g h t  contours  p a r a l l e l  t o  t h e  s t r a i g h t  s h o r e l i n e ,  t h e  
waves a r e  r e f r a c t e d  and bend toward t h e  s h o r e  a s  shown i n  F igure  1 6 .  A t  
water depth  d - lom,  t h e  s p e c t r a  S (w,O) and sb( 4 0 )  a r e  computed and 
given f o r  d i s c r e t e  va lues  of O i n  F igu re s  23 t o  27  and t h e  contour  l i n e s  
of Sb(w,e) a r e  g iven  i n  F igure  28. Due t o  symmetry, on ly  c a s e s  of 0>0°, 
a r e  g iven .  Most of t h e  wave energy  i s  con ta ined  i n  t h e  neighborhood of O - O O .  For  0 -  QO, l o 0  and 20°, wave b reak ing  reduces  wave energy, bu t  
f o r  waves wi th  0 -  30° and 40°, t h e  e f f e c t  of  wave breaking  is  
van i sh ing ly  small. For Q =  fOQ, 200, 30°, and 40° t h e r e  e x i s t  cut-off  
f r equenc i e s  w = 0.197, 0.370, 0.521, and 0.695 r e s p e c t i v e l y  below which 
no wave e x i s t s .  These low f requency  long  waves which a r e  most s e v e r e l y  
a f f e c t e d  by t h e  bottom, o r i g i n a t e  from r e g i o n s  o f  (w-Om) -space where 



t h e m  i s  no r a m .  High f r e v e n c y  s h o r t  waves a r e  e s s e n t i a l l y  deep water 
waves una f fec t ed  by t h e  bottom. 

34. We now G O ~ Q ~ ~ P  t h e  @eee i n  which t h e  deep  Water wave system wi th  
spectrum bhown i n  F igures  3 and 4 e n t e r s  a r eg ion  of  s h e a r  c u r r e n t  of 
v e l o c i t y  V = 2m/s approaching a s t r a i g h t  s h o r e  over  g e n t l y  va ry ing  
seabed  of s t r a i g h t  contours  p a r a l l e l  t o  t h e  beach. A t  water dep th  d = 
10 m, t h e  s p e c t r a  s (o,@ ) end Sb 4 4 O) i n  a b s o l u t e  frame of r e f e r e n c e  a r e  
g iven  i n  F igures  29 &o 35 and t h e  con tou r  l i n e s  of Sb(w,O) a r e  g iven  i n  
F igu re  36. S imi l a r  t o  t h e  c a s e s  of waves on s h e a r  c u r r e n t  i n  deep  water 
and waves approaching t h e  sho re  wi thout  c u r r e n t ,  wave energy i s  h ighes t  
around 0 -  €lo. Wave breaking  o c c u ~ s  f o r  waves wi th  e = -20°, - lo0,  0°, 
and l o 0 ,  bu t  no t  f o r  waves wi th  l a r g e r  v a l u e s  of 0. Figure  37 g i v e s  a 
s k e t c h  of behavior  of waves on p o s i t i v e  s h e a r  c u r r e n t  i n  water  of f i n i t e  
dep th  wi th  p a r a l l e l  contours .  Long waves a r e  a f f e c t e d  predominant ly by 
t h e  bottom whereas s h o r t  waves a r e  a f f e c t e d  by t h e  c u r r e n t .  For waves 
wi th  0<0°, both s h o r t  and long waves a r e  b e n t  toward t h e  shore ,  b u t  f o r  
waves wi th  0>0°, s h o r t  waves ben t  by t h e  c u r r e n t  become i n c r e a s i n g l y  
p a r a l l e l  t o  t h e  shore  bu t  r e f r a c t i o n  by t h e  bottom bends t h e  long  waves 
toward t h e  sho re .  Thus, i n  F igu res  29 t o  35, f o r  bo th  waves wi th  0<0° 
and0>O0,  t h e r e  a r e  lower cu t -of f  f r e q u e n c i e s  ofw-0.609, 0.401, 0.190, 
0.197, 0.204, 0.364, and 0.477 r a d / s  cor responding  r e s p e c t i v e l y  t o  
c a s e s  of 0 = -30°, - 20°, - l O o ,  0°, 10°, 20°, and 30°. Waves of 
f r equenc ie s  below t h e s e  cu t -of f  f r equenc ie s  o r i g i n a t e  from r e g i o n s  of 
(w-(?oj space  where no wave i s  p r e s e n t .  The s h o r t  waves t r a v e l  
e s s e n t i a l l y  i n  deep water  on t h e  s h e a r  c u r r e n t  and behave much t h e  same 
a s  t h o s e  given i n  s e c t i o n  3 where, f o r  waves wi th  @ = -30°, t h e r e  i s  an 
upper  cut-off  frequency of w =  2.208 r a d / s .  

34. The l a s t  c a s e  cons idered  i s  t h a t  of deep  water  waves of s p e c t r a  shown i n  
F i g u r e s  3 and 4 encounter ing  a c u r r e n t  of t h e  upwell ing t y p e  wi th  U = - 
2m/s i n  f i n i t e  water  depth .  For  waves a t  water  depth  d = lom,  t h e  
s p e c t r a  S(wlO) and Sb ( 4 0 )  i n  a b s o l u t e  frame of r e f e rence  a r e  g iven  i n  
F igu res  38 t o  4 %  and t h e  contour  l i n e s  of Sb(u,O) a r e  g iven  i n  F igure  
42. Because of s t r y ,  on ly  t h e  c a s e s  oP@>OO a r e  g iven .  Energy is  
concen t r a t ed  around @= O0 and wave b reak ing  occurs  f o r  waves wi th  O =  
OQ,  10°, and 2Qo, but not  f o r  waves wi th  (3 = 30° much t h e  same a s  i n  t h e  
c a s e  of deep water waves meeting an upwel l ing  c u r r e n t  i n  deep water .  
B ~ t h  s h o r t  and long  waves a r e  bent toward t h e  shore  wi th  t h e  s h o r t  waves 
a f f e c t e d - b y  t h e  c u r r e n t  and t h e  long waves by t h e  sea  bottom. Thus, f o r  
t h e  s h o r t  waves, t h e r e  a r e  upper cut-off  f r equenc ie s ,  a s  limited by wave 
b reak ing  of w -  1.225 and 1.2414 r a d / s  cor responding  t o  waves wi th  O = O0 
and boo r e s p e c t i v e l y .  For waves wi th  O =  20° and 3O0, t h e  upper cut-off  
f r equenc ie s  a r e  r e s p e c t i v e l y  w =  1.262 and 1.15 r a d / s ,  a s  i n  t h e  c a s e  of 
waves encounter ing  an upwell ing c u r r e n t  i n  deep water .  For t h e  long  
waves, t h e  lower cut-off  f r equenc ie s  a r e  w =  0.234, 0.450 and 0.739 
r a d / s  corresponding r e s p e c t i v e l y  t o  t h e  c a s e s  of 0 -  l o o ,  20° and 30°. 
Waves of S~eqatene ies  below t h e s e  va lues  o r i g i n a t e  from regions  of  (w-004 
space  where no wave e x i s t s .  



PART V: CONCLUSION 

35. I n  an e a r l i e r  repor t  (Tung and Huang, 1987)  we introduced a method by 
means of which t h e  e f f e c t  of wave breaking o r  wave spectrum can be 
incorpora ted .  The mothod r a o  app l i ed  t o  t h e  case  i n  which a uni- 
d i r e c t i o n a l  daap watar wave 0y8t- propagates toward t h e  8hora 0-r 
g e n t l y  m r y i n g  sea  bed of s t r a i g h t  p a r a l l e l  contours encountering an 
adverse ' cu r ren t .  I n  t h i s  repor t ,  t h e  mathod is extended t o  t h e  case  i n  
which t h e  d..p water  wave ays tun represented  by a d i r e c t i o n a l  spectrum 
propagating over a sea  bad having t h e  s u m  c h a r a c t e r i s t i c s  m e t i n g  
current ,  of e i t h e r  t h e  shear ing  type p a r a l l e l  t o  t h e  shore  o r  of t h e  
upwelling type perpendicular  t o  t h e  shore .  

3 6 .  a he method of incorpora t ing  wave breaking is  approximate, but  easy  t o  
apply. The s o l u t i o n  t o  t h e  wave-current i n t e r a c t i o n  problem (without 
cons ider ing  wave breaking) is f o r  t h e  s p e c i f i c  case  where t h e  sea bed 
has p a r a l l e l  contours.  The r e s u l t s  s o  obtained a r e  t h e r e f o r e  r e s t r i c t e d  
i n  a p p l i c a t i o n .  The method of dea l ing  with wave breaking can be 
improved, but  such refinament i s  not  considered necessary a t  t h i s  s t age  
of development. The r e s t r i c t i o n  imposed by t h e  i d e a l i z a t i o n  of t h e  sea  
bed can be re laxed by adopting a f u l l y  numerical t rea tment  of t h e  wave- 
c u r r e n t  i n t e  t a c t  ion  problem ( w i  thout  cons ider ing  wave breaking) . 

37.  The results of this study must be checked against those of other 
analytical methods and experimental data, both from the field and 
laboratory. 
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Figu re  1. Wave p r o f i l e  
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X 

Figure  2 .  D e f i n i t i o n  ske t ch  of wave, c u r r e n t  
and bottom contour  



Figure 3.  Spectra S,(w,@,) of deep water waves under 
zero current condition, for 0, = 0 ° ,  l o 0 ,  20° ,  30° ,  40° ,  

and SO0, and for 5 = 0.015 and w o = 0 . 6  radlsec 

Figure 4. Contour lines of S,(to,O) of deep water 
waves under zero current condition, for 5 = 0.015 

and w = 0 .6  rad/sec 
0 
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Figure 5. Qualitative behavior of deep water waves 
on positive shear current 

Figure 6. Spectra S(w,O) and Sb(w,O) of deep water 
waves on current with V = 2m/s , for O = -40°, and for 

§ = 0.015 and w = 0.6 rad/sec 
0 



w ( rad /sec)  

Figure 7. Spectra S(w,O) and Sb(w,O) of deep water 
waves on current with V = 2mls , for O = -30°, and for 

§ = 0.015 and w = 0.6 rad/sec 
0 

Figure 8. Spectra S(w,O) and Sb(w,O) of deep water 
waves on current with V = 2mIs , for = -20°, and for 

§ = 0.015 and w = 0.6 rad/sec 
0 



F i g u r e  9. S p e c t r a  S(w,O) and Sb(w,O) of  deep w a t e r  
waves on c u r r e n t  w i t h  V = 2mIs , f o r  O = - l o 0 ,  and f o r  

5 = 0.015 and wo = 0.6 r a d l s e c  

F i g u r e  1 0 .  S p e c t r a  S(w,O) and Sb(w,O) of deep wa te r  
waves on c u r r e n t  w i t h  V = 2mIs , f o r  = 0" , and f o r  

5 = 0.015 and % = 0.6 r a d l s e c  



4 (radlsec) 

Figure 11. Spectra S(w,O) and Sb(w,O) of deep water 
waves on current with V = 2m/s ,, for 0 = lo0, and for 

§ = 0.015 and w = 0.6 rad/sec 
0 
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Figure 12. Spectra S(w,O) and Sb(w,O) of deep water 
waves on current with V = 2m/s , for O = 20°, and for 

§ = 0.015 and w = 0.6 radlsec 
0 



Figure 13. Spectra S(w,O) and Sb(w,O) of deep water 
waves on current with V = 2m/s , for O = 30°, and for 

§ = 0.015 and wo = 0.6 radlsec 

Figure 14. Spectra S(w,O) and Sb(w,O) of deep water 
waves on current with V = 2m/s , for O = 40°, and for 

$ = 0.015 and wo = 0.6 rad/sec 



Figure 15. Contour l i n e s  of Sb(w,O)  of deep 
water waves on c u r r e n t  with V = ZmIs , f o r  

5 = 0.015 and w = 0.6 r ad l sec  
0 
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Figure 16. Qualitative behavior of deep water 
waves on adverse current of upwelling type and 

of waves over bottom of parallel contours 

Figure 17. Spectra S(w,O) and Sb(w,O) of deep water 
waves on current with U = -2mIs , for O = 0°, and for 

= 0.015 and wo = 0.6 radlsec 



Figure  18. S p e c t r a  S(w,O) and Sb(w,O) of deep wate r  
waves on c u r r e n t  w i t h  U = -2m/ s , f o r  O = l o 0 ,  and f o r  

§ = 0.015 and w 0 = 0 . 6  r a d / s e c  

F i g u r e  19.  S p e c t r a  S(w,O) and Sb(w,O) o f  deep wate r  
waves on c u r r e n t  w i t h  U = -2m/ s , f o r  O = 20° ,  and f o r  

§ = 0.015 and w = 0.6 r a d / s e c  
0 



w ( r ad l sec )  

Figure 20. Spec t ra  S(w,O) and Sb(w,O) of deep water  
waves on c u r r e n t  wi th  U = -2m/, , f o r  O = 30°,  and f o r  

§ = 0.015 and wo = 0.6 r ad / sec  

Figure 21. Spec t ra  S(w,O) and Sb(w,O) of deep water  
waves on c u r r e n t  wi th  U = -2mls , f o r  0 = 40°,  and f o r  

§ = 0.015 and w = 0.6 r ad / sec  
0 



Figure 22. Contour lines of Sb(w 0 )  of deep 
water waves on current with U = -2m/s , for 

5 = 0.015 and w = 0.6 rad/sec 
0 
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Figure 23. Spectra S(w,O) and Sb(w,O) of waves at water 
depth d = lom under zero current condition, for O = 0°, 

and § = 0.015 and wo = 0.6 rad/sec 

Figure 24. Spectra S(w,O) and Sb(w,O) of waves at water 
depth d = 10m under zero current condition, for O = lo0, 

and § = 0.015 and wo = 0.6 rad/sec 



Figure 25. Spectra S(w,O) and Sb(w,O) of waves at water 
depth d = lom under zero current condition, for 0 = 20°, 

and !I = 0.015 and w = 0.6 rad/sec 
0 

w (radlsec) 

Figure 26. Spectra S(w,O) and Sb(w,O)  of waves at water 
depth d = lom under zero current condition, for O = 30°, 

and § = 0.015 and w = 0.6 rad/sec 
0 
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Figure 27. Spectra S(w,O) and Sb(w,O) of waves at water 
depth d = lom under zero current condition, for O = 40°, 

and § = 0.015 and wo = 0.6 rad/sec 

Figure 28. Contour lines of Sb(w,O) of waves at 
water depth d = lom under zero current condition, 

for § = 0.015 and wo = 0.6 rad/sec 



F i g u r e  29.  S p e c t r a  S(w,O) and Sb(w,O) of waves a t  w a t e r  
dep th  D = 10m on c u r r e n t  w i t h  V = 2 m I s  , f o r  0 = -30°,  

and f o r  5 = 0.015 and w = 0 . 6  r a d / s e c  
0 



F i g u r e  30. S p e c t r a  S(w,O) and Sb(w,O) of waves a t  w a t e r  
d e p t h  d = lom on c u r r e n t  w i t h  V = 2mIs , f o r  O = -20°,  

and f o r  § = 0.015 and w = 0 .6  r a d / s e c  
0 

F i g u r e  31. S p e c t r a  S(w,O) and Sb(w,O) of waves a t  w a t e r  
d e p t h  d = 10m on c u r r e n t  w i t h  V = zmls  , f o r  O = - l o 0 ,  

and f o r  5 = 0.015 and w = 0.6 r a d / s e c  
0 



Figure  32. S p e c t r a  S(w,O) and Sb(w,O) of waves a t  wa te r  
dep th  d  = lom on c u r r e n t  w i t h  V = 2m/s , f o r  O = 0 ° ,  and 

f o r  § = 0.015 and w = 0.6 r a d / s e c  
0 

F i g u r e  33. S p e c t r a  S(w,O) and Sb(w,O) of waves a t  wa te r  
dep th  d  = 10m on c u r r e n t  w i t h  V = ZmIs , f o r  O = l o 0 ,  and 

f o r  § = 0.015 and wo = 0.6 r a d / s e c  



w ( r ad l sec )  

Figure 34. Spec t r a  S(w,O) and Sb(w,O) of waves a t  water  
depth d = 10m on c u r r e n t  wi th  V = 2m/s , f o r  O = 20°, and 

f o r  5 = 0.015 and w = 0.6 r ad / sec  
0 

w ( r ad l sec )  
F i g u r e  35. Spec t r a  S(w,O) and Sb(w,O) f o r  waves a t  water  
depth d = 10m on c u r r e n t  wi th  V = 2mls , f o r  0 = 30°,  and 

f o r  5 = 0.015 and uo = 0.6 r a d / s e c  



Figure 36. Contour lines of S b ( w , O )  of waves at water 
depth D = lorn on current with V = 2m/, , for = 0.0 

and w o - 0.6 rad/sec 
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Figure 37. Qualitative behavior of waves on positive 

shear current over bottom of parallel contours 



w ( r a d l s e c )  

F i g u r e  38. S p e c t r a  S(w,O) and Sb(w,O) of waves a t  w a t e r  
d e p t h  d = lom on c u r r e n t  w i t h  U = -2m/, , f o r  O = 0 ° ,  and 

f o r  5 = 0.015 and w = 0 .6  r a d l s e c  
0 

w ( r a d l s e c )  

F i g u r e  39.  S p e c t r a  S(w,O) and Sb(w,O) of waves a t  w a t e r  
d e p t h  d = lom on c u r r e n t  w i t h  U = -2m/s , f o r  O = l o o ,  and 

f o r  5 = 0.015 and w = 0 . 6  r a d / s e c  
0 



Figure  40. Spec t ra  S(w,O) and Sb(w,O) of waves a t  water 
dep th  d = lom on c u r r e n t  w i th  U = -2m/s , f o r  O = 20°, and 

f o r  § = 0.015 and wo = 0.6 r a d l s e c  

F igure  41. Spec t ra  S(w,O) and Sb(w,O) of waves a t  water  
dep th  d = lom on c u r r e n t  w i th  U = -2m/s , f o r  O = 3 0 ° ,  and 

f o r  § = 0.015 and wo = 0.6 r ad / sec  



oO 

Figure  42 .  Contour l i n e s  of Sb(w,O)  of waves a t  
wa te r  dep th  d = lom on c u r r e n t  w i t h  U = -2m/ s y 

f o r  5 = 0.015 and w o = 0.6 r a d / s e c  



APPENDIX A: NOTATION 

Al 8 A2 Quant i t i e s  def ined i n  Equations 17 and 18, r e s p e c t i v e l y  

(Cg)m r Cgr Group v e l o c i t i e s  de f ined  i n  Equation 24 and 25, r e s p e c t i v e l y  

d (x) Water depth 

E t  . I  Expected value of t h e  q u a n t i t y  enclosed i n  t h e  b racke t s  

F (W)  F i l t e r  funct ion  de f ined  i n  Equation 8 

Q Gravi ta t ional  a c c e l e r a t i o n  

H(-1 Heaviside u n i t  s t e p  funct ion  

K Coeff ic ient  def ined i n  Equation 4 

k Magnitude of wave number vector  k - 
b Wave number vec to r  

k, Magnitude of wave number i n  deep water 

- 
k C h a r a c t e r i s t i c  wave number i n  deep water 
0 

Magnitude of t h e  s l o p e  of t h e  Wallops spectrum f o r  deep water 
waves i n  t h e  high frequency range on log-log s c a l e  given i n  
Equation 38 

l? Quant i ty  defined i n  Equation 1 9  

n Quant i ty  defined i n  Equation 26 

Q(*) Probab i l i ty  funct ion  de f ined  i n  Equation 1 0  

Rb (7 1 Autocorxelation func t ion  of breaking wave e leva t ion  c b ( t )  

r r 2  , r 4  Q u a n t i t i e s  def ined i n  Equations 11, 12, and 13, r e spec t ive ly  

S (U) I d e a l  wave spectrum 

Sb (W ) Breaking wave spectrum 

&,(u) Spectrum of waves i n  deep water 

S  (w, 0) Direc t iona l  apecttum of ideal waves i n  abso lu te  frame of 
reference  

S b  (at 0)  Direct ional  spectrum of breaking waves i n  abso lu te  frame ~f 
reference 



- 
S (wr,O) D i rec t iona l  spectrum of i d e a l  waves i n  r e l a t i v e  frame of 

reference  

Tb (utp O )  Direc t iona l  spectrum of breaking waves i n  r e l a t i v e  frame of 
r e f  e rsnce  

. S,(wrO,) Di rec t iona l  Spectrum i n  quiescent  deep water 

t T i m e  

t l # t 2  Time i n s t a n t s  t + T and t, r e spec t ive ly  

U (XI Speed of current  of t h e  upwelling type  i n  t h e  x-di rec t ion  

!!HI %I Horizontal  current  v e l o c i t y  vec to r  and i ts  magnitude, 
r e spec t ive ly  

V (x) Speed s f  shear  cu r ren t  i n  t h e  y-di rec t ion  

XI Y Horizontal  coordinates def ined i n  Figure 1 

Z(*) Probab i l i ty  function def ined i n  Equation 9 

a Coef f i c i en t  defined i n  Equation 40 

0 Wave Breaking parameter def ined i n  Equation 1 4  

r ( *  1 The garmna function 

E Spec t ra l  bandwidth parameter def ined i n  Equation 15 

< ( t ) ,  < b ( t )  Elevations of i d e a l  and breaking waves, r e spec t ive ly  

rl Dummy var iab le  

0,8, Angles of wave a t  l o c a l e  under cons idera t ion  and i n  deep water,  
r e spec t ive ly  

A, C h a r a c t e r i s t i c  wave length  

5 D m y  var i ab le  

T Time l a g  

@ ( * I  Direc t iona l  energy spreading funct ion  def ined i n  Equation 36 

W Wave frequency 

Wave frequency i n  r e l a t i v e  frarne of r e fe rence  

d h a r a c t e r i  s t ic  wave frequency de f ined  i n  Equation 6 



*o parameter of  wallops spectrum 

*1 Quantity defined i n  Equation 16 

SubQcrfrrts 

1,2 Quantities evaluated a t  time instant8 t y ,  and t 2 ,  respect ive ly  

OD Quantit ies  evaluated i n  deep water under zero current condition 

Svmbols 

Different iat ion with respect t o  t h e  

5 Signif icant  wave slope defined i n  Equation 39 
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